Introduction {#Sec1}
============
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The idea is the following. We call a function *f*, defined on a measure space *X* and with values in *E*, "integrable" if for some *D* in $\documentclass[12pt]{minimal}
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In \[[@CR18]\], Thomas obtains this consistency by assuming a Hausdorff locally convex topology on *E*, entailing many continuous linear functions $\documentclass[12pt]{minimal}
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Our approach is different, following a direct-limit-like construction. We assume *E* to be an ordered vector space with some simple regularity properties (Archimedean, directed) and show that *E* is the union of a certain increasing system $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {B}$$\end{document}$ of Banach spaces with closed, generating positive cones (under the ordering of *E*). Uniqueness of the integral follows from properties of such ordered Banach spaces. Moreover, the integrable functions form a vector space and the integral is linear and order preserving.

In Sect. [3](#Sec3){ref-type="sec"} we study ordered Banach spaces with closed generating cones. We give certain properties which can be used to give an alternative proof of a classical theorem which states that every order preserving linear map is continuous, and generalise it to order bounded linear maps. In Sect. [4](#Sec4){ref-type="sec"} we study Bochner integrable functions with values in an ordered Banach space with closed generating cone. In Sect. [5](#Sec5){ref-type="sec"} we present the definition of a Banach cover and the definition of the extension of the Bochner integral to functions with values in a vector space that admits a Banach cover. In Sect. [6](#Sec6){ref-type="sec"} we show that an Archimedean ordered vector space possesses a Banach cover consisting of ordered Banach spaces with closed generating cones. In Sect. [7](#Sec7){ref-type="sec"} we study integrable functions with values in Archimedean ordered vector spaces. In Sect. [8](#Sec8){ref-type="sec"} we compare the integral with integrals considered in \[[@CR16]\]. In Sect. [9](#Sec9){ref-type="sec"} we present an application to view the convolution as an integral.

Notation {#Sec2}
========
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                \begin{document}$$n\in \mathbb {N}$$\end{document}$". To avoid confusion:An "order" is a "partial order".We call an ordered vector space *Archimedean* (see Peressini \[[@CR15]\]) if for all $\documentclass[12pt]{minimal}
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                \begin{document}$$a\le 0$$\end{document}$. (In some places, e.g., Birkhoff \[[@CR4]\], such spaces are said to be 'integrally closed'.)As is common in literature, our notations do not distinguish between a function on a measure space and the class of that function.

Ordered Banach spaces with closed generating cones {#Sec3}
==================================================

In this section we describe properties of ordered Banach spaces with closed generating cones. Using these properties we prove in Theorem [3.11](#FPar15){ref-type="sec"} that an order bounded map between ordered Banach spaces with closed generating cones is continuous.

Definition 3.1 {#FPar1}
--------------

An *ordered locally convex vector space* is a locally convex vector space with an order that makes it an ordered vector space. A *normed ordered vector space* is a normed vector space with an order that makes it an ordered vector space. An *ordered Banach space* is a Banach space that is a normed ordered vector space.

A priori there is no connection between the ordering and the topology of an ordered locally convex vector space. One reasonable and useful connection is the assumption that the (positive) cone be closed.

Theorem 3.2 {#FPar2}
-----------

Let *E* be an ordered locally convex vector space. $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x \le y \iff \alpha (x) \le \alpha (y) \text{ for } \text{ all } \alpha \in (E')^+. \end{aligned}$$\end{document}$$Consequently, whenever $\documentclass[12pt]{minimal}
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Proof {#FPar3}
-----
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The following theorem is due to Andô \[[@CR2]\]. See also \[[@CR1], Corollary 2.12\].

Theorem 3.3 {#FPar4}
-----------

Let *D* be an ordered Banach space with a closed generating[1](#Fn1){ref-type="fn"} cone $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C\Vert x\Vert&\ge \inf \{ \Vert a\Vert : a\in D^+, - a \le x \le a\} \quad (x\in E). \end{aligned}$$\end{document}$$

Definition 3.4 {#FPar5}
--------------

Let *D* be a directed[2](#Fn2){ref-type="fn"} ordered Banach space. If $\documentclass[12pt]{minimal}
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On a Banach lattice the norm is 1-absolutely dominating. Actually for Banach lattices there is equality in ([2](#Equ2){ref-type=""}).

3.5 {#FPar6}
---

We refer the reader to Appendix [1](#Sec10){ref-type="sec"} for the following facts: If $\documentclass[12pt]{minimal}
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3.6 {#FPar7}
---

Let *D* be a directed ordered Banach space. Then $\documentclass[12pt]{minimal}
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Definition 3.7 {#FPar8}
--------------

(See \[[@CR12], §16\]) Let *E* be an ordered vector space. We say that a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_n)_{n\in \mathbb {N}}$$\end{document}$ in *E* *converges uniformly* to an element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in E$$\end{document}$ (notation: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_n \xrightarrow {u}x$$\end{document}$) whenever there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in E^+$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _n \in (0,\infty )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _n\rightarrow 0$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\varepsilon _n a \le x_n -x \le \varepsilon _n a \quad (n\in \mathbb {N}). \end{aligned}$$\end{document}$$Note that one may replace "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _n \rightarrow 0$$\end{document}$" by "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _n \downarrow 0$$\end{document}$". If *E* is Archimedean then the *x* as above is unique. We will only consider such convergence in Archimedean spaces. We say that a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_n)_{n\in \mathbb {N}}$$\end{document}$ in *E* is a *uniformly Cauchy sequence* if there exists an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in E^+$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$ there exists an *N* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\varepsilon a \le x_n - x_m \le \varepsilon a$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n,m\ge N$$\end{document}$. *E* is called *uniformly complete* whenever it is Archimedean and all uniformly Cauchy sequences converge uniformly.

Lemma 3.8 {#FPar9}
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Proof {#FPar10}
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Theorem 3.9 {#FPar11}
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-----
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Lemma 3.10 {#FPar13}
----------

Let *D* be an ordered Banach space for which $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x_1,x_2,\ldots \in D, \ a\in D, \ b\in D, \ \Vert x_n - a\Vert \rightarrow 0, \ x_n \xrightarrow {u}b \quad \Longrightarrow \quad a=b. \end{aligned}$$\end{document}$$

Proof {#FPar14}
-----
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With this we can easily prove the following theorem. In a recently published book by Aliprantis and Tourky \[[@CR1]\][5](#Fn5){ref-type="fn"} but also in older Russian papers by Wulich \[[@CR5]\] one can find the proof that an order preserving linear map is continuous (see \[[@CR1], Theorem 2.32\] or combine \[[@CR5], Theorem III.2.2\] (which states the result for $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_2=\mathbb {R}$$\end{document}$) and \[[@CR6], Theorem VI.2.1\]). Theorem [3.11](#FPar15){ref-type="sec"} is more general in the sense that it states that linear order bounded maps are continuous.

Theorem 3.11 {#FPar15}
------------
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                \begin{document}$$T: D_1 \rightarrow D_2$$\end{document}$ be linear and order bounded. Then *T* is continuous. Consequently, if *T* is an order isomorphism then it is a homeomorphism.

Proof {#FPar16}
-----
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We present a consequence as has been done for order preserving linear maps in \[[@CR6], Theorem VI.2.2\].

Corollary 3.12 {#FPar17}
--------------
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                \begin{document}$$D_2$$\end{document}$ be an ordered normed vector space with a normal cone. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$T: D_1 \rightarrow D_2$$\end{document}$ be linear and order bounded. Then *T* is continuous.

Proof {#FPar18}
-----

As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in D_2'$$\end{document}$, the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \circ T$$\end{document}$ is an order bounded functional, whence continuous by Theorem [3.11](#FPar15){ref-type="sec"}. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \circ T( \Delta )$$\end{document}$ is bounded for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in D_2'$$\end{document}$. By an application of the Principle of Uniform Boundedness (see \[[@CR7], Corollary III.4.3\]), $\documentclass[12pt]{minimal}
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Theorem 3.13 {#FPar19}
------------

\[[@CR14], Theorem 6.8\] Let *D* be an ordered Banach space with closed cone $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^+$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in D'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in D^\sim $$\end{document}$, i.e., *f* is linear continuous and order bounded, then *f* is regular, i.e., there are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1,f_2\in D^{\sim +}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f= f_1 - f_2$$\end{document}$.

By Theorem [3.13](#FPar19){ref-type="sec"} and Theorem [3.11](#FPar15){ref-type="sec"} we derive the following corollary.

Corollary 3.14 {#FPar20}
--------------

Let *D* be an ordered Banach space with closed generating cone. Then every order bounded linear map $\documentclass[12pt]{minimal}
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The Bochner integral on ordered Banach spaces {#Sec4}
=============================================
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Definition [4.2](#FPar22){ref-type="sec"} and the facts in [4.4](#FPar24){ref-type="sec"} can be found in Chapter III in the book by Hille and Phillips \[[@CR9]\].

Definition 4.2 {#FPar22}
--------------
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4.9 {#FPar31}
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Lemma 4.10 {#FPar32}
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Proof {#FPar33}
-----
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Lemma 4.11 {#FPar34}
----------

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^+$$\end{document}$ is closed and generating and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {B}}^+$$\end{document}$ is closed and generating. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \cdot \Vert $$\end{document}$ is *C*-absolutely dominating, then so is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \cdot \Vert _{\mathfrak {B}}$$\end{document}$.

Proof {#FPar35}
-----
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In the following Theorems ([4.12](#FPar36){ref-type="sec"}, [4.13](#FPar38){ref-type="sec"}, [4.14](#FPar40){ref-type="sec"} and [4.15](#FPar42){ref-type="sec"}) we derive properties of *D* from properties of $\documentclass[12pt]{minimal}
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Theorem 4.12 {#FPar36}
------------
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                \begin{document}$$\Vert \cdot \Vert $$\end{document}$ is *C*-absolutely dominating.

Proof {#FPar37}
-----
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Theorem 4.13 {#FPar38}
------------

Let *D* be an ordered Banach space such that the Bochner integrable functions $\documentclass[12pt]{minimal}
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Proof {#FPar39}
-----
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Corollary 4.14 {#FPar40}
--------------

Suppose there exist disjoint $\documentclass[12pt]{minimal}
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Proof {#FPar41}
-----

This follows from Theorem [4.13](#FPar38){ref-type="sec"} since $\documentclass[12pt]{minimal}
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4.15 {#FPar42}
----
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Theorem 4.16 {#FPar43}
------------
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Proof {#FPar44}
-----

This follows from Lemma [4.11](#FPar34){ref-type="sec"} and Theorem [4.12](#FPar36){ref-type="sec"}. $\documentclass[12pt]{minimal}
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An extension of the Bochner integral {#Sec5}
====================================

We present the definition of a Banach cover (Definition [5.2](#FPar46){ref-type="sec"}), some examples, and use this notion to extend the Bochner integral to functions with values in such a vector space ([5.8](#FPar52){ref-type="sec"}).

The next result follows by definition of the Bochner integral or by [4.4](#FPar24){ref-type="sec"}(c).

Theorem 5.1 {#FPar45}
-----------
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Definition 5.2 {#FPar46}
--------------

Let *E* be a vector space. Suppose $\documentclass[12pt]{minimal}
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5.3 {#FPar47}
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Example 5.4 {#FPar48}
-----------
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Example 5.5 {#FPar49}
-----------

Let *E* be a uniformly complete Riesz space. The set of principal ideals $\documentclass[12pt]{minimal}
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Example 5.7 {#FPar51}
-----------

(See Example [5.4](#FPar48){ref-type="sec"}.) In the situation of \[[@CR18]\], the functions in our set $\documentclass[12pt]{minimal}
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5.8 {#FPar52}
---

Let *E* be a vector space with a Banach cover $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X,\mathcal {A},\mu )$$\end{document}$ be a complete $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$-finite measure space, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \ne 0$$\end{document}$.For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D\subset \mathbb {B}$$\end{document}$ denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_D$$\end{document}$ the vector space of all Bochner integrable functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\rightarrow D$$\end{document}$, and, by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_D$$\end{document}$ the Bochner integral $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_D \rightarrow D$$\end{document}$.Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1,D_2\in \mathbb {B}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1 \in B_{D_1}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_2\in B_{D_2}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1 = f_2$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$-a.e. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{D_1} (f_1) = b_{D_2}(f_2)$$\end{document}$. *Proof.* Choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D\in \mathbb {B}$$\end{document}$ as in Definition [5.2](#FPar46){ref-type="sec"}. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1,f_2\in B_D$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{D_1}(f_1) = b_D (f_1) = b_D (f_2) = b_{D_2}(f_2)$$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1,D_2\in \mathbb {B}$$\end{document}$ have the same underlying vector space, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{D_1}=B_{D_2}$$\end{document}$ since the identity map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1 \rightarrow D_2$$\end{document}$ is a homeomorphism (see [5.3](#FPar47){ref-type="sec"}).We call a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f: X \rightarrow E$$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}$$\end{document}$-*integrable* if there is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D\in \mathbb {B}$$\end{document}$ such that *f* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$-a.e. equal to some element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_D$$\end{document}$.By $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}$$\end{document}$ we indicate the vector space of all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$-equivalence classes of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}$$\end{document}$-integrable functions.For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D\in \mathbb {B}$$\end{document}$ we have a natural map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_D: B_D \rightarrow \mathfrak {U}$$\end{document}$, assigning to every element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_D$$\end{document}$ its $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$-equivalence class. The space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_D(B_D)$$\end{document}$ is a Banach space, which we indicate by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {B}}_D$$\end{document}$.[6](#Fn6){ref-type="fn"} We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {b}}_D$$\end{document}$ for the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {B}}_D \rightarrow D$$\end{document}$ determined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {b}}_D (T_D(f)) = b_D(f) \quad (f\in B_D). \end{aligned}$$\end{document}$$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}$$\end{document}$ is the union of the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {B}}_D$$\end{document}$. By (2) there is a unique $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}: \mathfrak {U}\rightarrow E$$\end{document}$ determined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathfrak {u}( f) = {\mathfrak {b}}_D(f) \quad (D\in \mathbb {B}, f\in {\mathfrak {B}}_D). \end{aligned}$$\end{document}$$The above leads to the following theorem.

Theorem 5.9 {#FPar53}
-----------

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}$$\end{document}$ is a vector space, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}$$\end{document}$ is linear and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{{\mathfrak {B}}_D: D\in \mathbb {B}\}$$\end{document}$ is a Banach cover of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}$$\end{document}$.

5.10 {#FPar54}
----

For any vector space the finite dimensional linear subspaces form a Banach cover.If *E* is a Banach space, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{E\}$$\end{document}$ is a Banach cover.If *E* is a Banach space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}$$\end{document}$ is a Banach cover with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\in \mathbb {B}$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}$$\end{document}$ is just the space of (classes of) Bochner integrable functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \rightarrow E$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}$$\end{document}$ is the Bochner integral.A special case of (3): Let *E* be a uniformly complete Riesz space with a unit *e* and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}$$\end{document}$ be the Banach cover of principal ideals as in Example [5.5](#FPar49){ref-type="sec"}. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E,\Vert \cdot \Vert _e)\in \mathbb {B}$$\end{document}$.

5.11 {#FPar55}
----

Let *E* be a vector space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_2$$\end{document}$ be Banach covers of *E*. Suppose that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1 \in \mathbb {B}_1$$\end{document}$ there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_2 \in \mathbb {B}_2$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1 \subset D_2$$\end{document}$ such that the inclusion map is continuous. Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}_i, \mathfrak {u}_i$$\end{document}$ for the set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_i$$\end{document}$-integrable functions and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_i$$\end{document}$-integral, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{1,2\}$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}_1 \subset \mathfrak {U}_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}_1 = \mathfrak {u}_2 $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {U}_1$$\end{document}$.

Example 5.12 {#FPar56}
------------

(Different covers and different integrals) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E,\Vert \cdot \Vert )$$\end{document}$ be an infinite dimensional Banach space. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T: E \rightarrow E$$\end{document}$ a linear bijection that is not continuous; say, there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_n \in E$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert x_n\Vert = 2^{-n}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Tx_n = x_n$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T(\sum _{n\in \mathbb {N}}x_n) \ne \sum _{n\in \mathbb {N}}x_n$$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert x\Vert _T = \Vert Tx\Vert $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in E$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E,\Vert \cdot \Vert _T)$$\end{document}$ is a Banach space. The map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:\mathbb {N}\rightarrow E$$\end{document}$ given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(n)= x_n$$\end{document}$ is Bochner integrable in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E,\Vert \cdot \Vert )$$\end{document}$ and in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E,\Vert \cdot \Vert _T)$$\end{document}$, but the integrals do not agree. Whence with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_1 = \{ (E,\Vert \cdot \Vert )\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {B}_2 = \{ (E,\Vert \cdot \Vert _T)\}$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathfrak {U}_1 \cap \mathfrak {U}_2$$\end{document}$ but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}_1(f) \ne \mathfrak {u}_2(f)$$\end{document}$.

As an immediate consequence of Theorem [4.5](#FPar25){ref-type="sec"} we obtain the following theorem.
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Covers of ordered Banach spaces with closed generating cones {#Sec6}
============================================================
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Proof {#FPar65}
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6.4 {#FPar66}
---
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                \begin{document}$$\Vert a\Vert =1$$\end{document}$. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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Theorem 6.5 {#FPar67}
-----------
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                \begin{document}$$\begin{aligned} \{ D\in \mathbb {B}: \Vert \cdot \Vert _D \text{ is }\,\, 1{ -absolutely \, dominating }\} \end{aligned}$$\end{document}$$is a Banach cover of *E*.

Proof {#FPar68}
-----

By [6.4](#FPar66){ref-type="sec"} each element of *E* is contained in an ordered Banach space with closed generating cone (with a 1-absolutely dominating norm). By Theorem [6.3](#FPar64){ref-type="sec"} and by definition of the norm, $\documentclass[12pt]{minimal}
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6.6 {#FPar69}
---

It is reasonable to ask if an analogue of Theorem [6.5](#FPar67){ref-type="sec"} holds in the world of Riesz spaces: does every Archimedean Riesz space have a Banach cover consisting of Riesz spaces? The answer is negative.

Let *E* be the Riesz space of all functions *f* on $\documentclass[12pt]{minimal}
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But *E* is the union of an increasing sequence $\documentclass[12pt]{minimal}
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6.7 {#FPar70}
---

In Theorem [6.5](#FPar67){ref-type="sec"} we single out one particular Banach cover $\documentclass[12pt]{minimal}
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The integral for an Archimedean ordered vector space {#Sec7}
====================================================

As a consequence of Theorem [4.6](#FPar27){ref-type="sec"} we obtain the following extension of Theorem [5.13](#FPar57){ref-type="sec"}.

Theorem 7.1 {#FPar71}
-----------

Let *E* be an ordered vector space with an ordered Banach cover $\documentclass[12pt]{minimal}
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Lemma 7.2 {#FPar72}
---------

Let *D* be an ordered Banach space with a closed generating cone $\documentclass[12pt]{minimal}
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Proof {#FPar73}
-----
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Theorem 7.6 {#FPar77}
-----------
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Proof {#FPar78}
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Remark 7.7 {#FPar79}
----------

Functions with values in a Banach space that are Bochner integrable are also Pettis integrable. To some extent the statement of Theorem [7.6](#FPar77){ref-type="sec"} is similar. Indeed, the definition of Pettis integrability could be generalised for vector spaces *V* which are equipped with a set *S* of linear maps $\documentclass[12pt]{minimal}
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-----

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathfrak {U}_1$$\end{document}$, then *f* is Pettis integrable in the sense of Thomas \[[@CR18], Definition 1\] (or in Remark [7.7](#FPar79){ref-type="sec"} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V=E$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S= E'$$\end{document}$). By Theorem [7.6](#FPar77){ref-type="sec"}, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathfrak {U}_1 \cap \mathfrak {U}_2$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha (\mathfrak {u}_1(f)) = \int \alpha \circ f {{\mathrm{{\mathrm {d}}}}}\!\mu = \alpha ( \mathfrak {u}_2(f)) \qquad (\alpha \in (E')^+), \end{aligned}$$\end{document}$$implying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {u}_1(f) = \mathfrak {u}_2(f)$$\end{document}$ by Theorem [3.2](#FPar2){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Comparison with other integrals {#Sec8}
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Theorem 8.2 {#FPar84}
-----------
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Proof {#FPar85}
-----

Follow the lines of the proof of the lemma with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_V$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_L$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{VL}$$\end{document}$ instead of *S*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

8.3 {#FPar86}
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Theorem 8.4 {#FPar87}
-----------
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-----
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Example 8.5 {#FPar89}
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An example: convolution {#Sec9}
=======================
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Theorem 9.1 {#FPar90}
-----------
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Theorem 9.2 {#FPar92}
-----------
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A Appendix: Absolutely dominating norms {#Sec10}
=======================================
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We conclude:

Theorem A.10 {#FPar106}
------------
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In the following we give an example of an ordered Banach space with closed generating cone *D* for which none of (a)--(d) of Theorem [A.10](#FPar106){ref-type="sec"} holds.

Example A.11 {#FPar107}
------------
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B Appendix: Banach cover of Köthe spaces {#Sec11}
========================================
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Lemma B.1 {#FPar108}
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Proof {#FPar109}
-----
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Theorem B.2 {#FPar110}
-----------

The complete Köthe spaces form a Banach cover of *M*.

Proof {#FPar111}
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Batty and Robinson \[[@CR3]\] call the cone $\documentclass[12pt]{minimal}
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                \begin{document}$$D^+$$\end{document}$ *approximately C-absolutely dominating*, and, Messerschmidt \[[@CR13]\] calls *D* *approximately C-absolutely conormal*, if the norm on *D* is *C*-absolutely dominating.

For normed Riesz spaces property (ii) is equivalent to what is called the weak Riesz-Fischer condition (see Zaanen \[[@CR19], Ch. 14, §101\]).

For complete metrisable ordered vector spaces.

Even though we use the same notation as in Sect. [4](#Sec4){ref-type="sec"}, see [4.3](#FPar23){ref-type="sec"}, the meaning of $\documentclass[12pt]{minimal}
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In this section we close an eye for the difference between a function and its equivalence class. There will be no danger of confusion.
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